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Abstract

We prove that in a finite group (p-group) the number of generators of the center of the group can be

arbitrarily large and independent of the number of generators of the group.

1 Introduction

It seems counter—intuitive to think that the center of a group G, Z(G), may have an infinite number of
generators, while G itself has only a fixed finite number of generators. In [?], H. Abel gave an example of
such a group. In this paper, for the case of finite groups, we extend [?] and show the surprising result that
in a finite group the number of generators of the center of the group can be arbitrarily large. That is, the

number of generators of the center is not bounded by a function of the number of generators of the group.

Theorem 2 For all m,n € N such that m > 2 and n > m, there exists a finite group G such that the
minimal generating set of G has exactly m elements, and the minimal generating set of Z(G) has exactly n

elements.

2 Notation and Definitions

Definition 1 (C-Group) IfG is a group whose center has more generators than G, we say G is a C-Group.

1

Definition 2 (Commutator) Let G be a group and let x, y € G. Then [v,y] = ayx~ 'y~ is called

the commutator of x and y. The subgroup of G generated by the set {[x,y] | z,: y € G} is called the

commutator subgroup of G and will be denoted G'.

3 Main Result

We begin by describing, briefly, the group that H. Abel gave, and then we present our result.

3.1 Infinite C-Groups

Here we briefly sketch a class of finitely generated groups whose centers are infinitely generated. One class of

such groups is the set of 4 x 4 upper-triangular matrices over the ring Q® = {p%\cu n, p are integers, n > 0,



p prime, and (p”,a) = 1} [?]. Define M(Q®),4) to be all 4 x 4 matrices over Q) whose elements have the

form

1 % % %
0 wup * *
0 0 wu * |’
0 0 0 1

where u; denotes a positive unit. It is easy to check that this is a group under matrix multiplication.
It can be shown that M(QP),4) is finitely generated by the following elements: matrices where u; = p

or % while us = 1 or the reverse, us = p or % while u; = 1 as well as matrices

1 a; ax 0

0 1 a3 a4

0 0 1 as |
0 0 0 1

where exactly one a; = +1 and all others are zero.
Now we examine the center of M(Q"),4). Call it Z(M). We notice that for an element of M(Q®),4) to
be in Z(M), the element should be of the form:

1 0 0 «a
01 00
0 010
0 0 0 1

Is Z(M) finitely generated? No! Assume it is. Then Z(M) must be generated by a finite number of
central matrices. We call a set of such finite matrices A. Then there is an integer n such that p™ is the
maximum denominator among all the entries of the elements of the set A. Now we notice that the following

matrix which is in Z(M) cannot be generated by elements of A:

1 0 0 1/pt
010 0
001 0
000 1

So we see that M(Q(),4) is an example of a finitely generated group whose center is infinitely generated.

3.2 Finite C-groups
First we prove the following Lemma.
Lemma 1 For all a,n,r,p € N such that p is a prime and r < p", we have (“fn) -p" =0 mod p"tT.

Proof Write 7! = p* - m, where k € Z, k > 0, m € N and p{m.

Now, as there are {;J numbers less than or equal to r which are divisible by p, L;J which are divisible by



p?, and in general, L;" o

J which are divisible by p’, we have k = Zf; \"“J . So,

| r r r > r (1)’ r
k = — <-4+t —< () = <r.
; {p’J p ptoss 7] ; p\p p—1
Now, let s = r — k. Clearly, s € Z, where s > 1. Since % = (“ﬁn) € N and (m,p™) = 1, then

alap” 1) (ap” 1) — 4 ¢ N. It follows that

m

n—+s

n+1

n LN o 1
<6Lp ) 'pr: ap (a‘p T+ ) r—k EOmodp

p T =1tp
r m
]
The main results of this paper, as stated in Theorem 2 in the introduction, are a corollary of the next
theorem.

Theorem 1 The set

a mod pn+1
pag mod p™ Tl

Gpn = h, ) h, a1, az, ..., any1 € Zpn+1, p prime
", 1 mod pn i

together with the binary operation

- 1 h1
0 ........ 0
a by aq p 1 0O --- 0 by
paz b2 4 | Pa2 L pb2
hlu . h2u . = (hl + h'Q) mod pn ) . + (0 p ’ ’ :
n . n . n . O T
Gp41 bn+1 Gp41 0 1 bn+1
p

is a C-group. It has two generators while its center has n + 2 generators.

Proof In order to save space, we set

1 0 ... 0]

p 1 0 0
M = P

: 0

_O ... 0 p 1]

Since G, ,, is a semidirect product, it is a group.



0 1
0 0
Consider gg = (1, l]) and g; = (O, []) We will show that gy and g; are the generators of G .

0 0
Note that
0
P 1 —1
g2=10,]. =91 909190
0
and, using induction, we can show that
0
— 0 k::—l —_ -1 —1
9k | p 9r_1909k—-199 >
6

with p*~1 in the k" position.

It can then be easily shown that any element in the group is expressible as

ai
paz

__ Gn41 ay h
h, : =921 9190,

P ant1

and so go and g7 generate the group. Since the group is not abelian, it cannot be cyclic; therefore its minimal

generating set must have exactly two elements.

Now, let x € Z(Gp.,,). Then zgo = gox and zg1 = g1z

We have
Zgo = gox
Ty - T
pIT2 8 8 px2
= h, . 1, 1. =11,]. h, .
p”xn+l -f] 0 10"3%+1
r 1 x1
pIT2 px2
= (h +1) mod p™*1, . = | (h+1) mod p" ™, M
L P Tnt1 P Tyt
1 7 xry
pT2 px2
= . =M
_inn+1 i p"fL'n+1
r T T T
pT2 pr1+pr2
< =
Lp" " Zni1 | ;D"In+;'0nwn+1
n+1 _ _.n n+1 __
<= pxpmodp =-..=p"z, modp =0
n n n
< dai,...,an41 € Zp such that 1 =p"ay,pra =p"ag,...,p"Tpiy1 = p ani.



Also,

rg1 = g1
€1 1 1 €1
px2 0 0 px2
h’ : <O’ l . ‘| ) - (07 [ ‘| ) h’
_Pnzln-u | 0 0 Pnzln-u
r 1 T 1 x1+1
px2 0 pr2
— h, : + M" ] = | n, :
_p”z.n+1 | 0 pnr.n_H
1 1
Wl 0 0
— M [1 = [
0 0
Therefore,
p"al 1 1
p"asz a0 0
x € Z(Gpn) < z=|h, . for some a1, ag,...,an+1 € Zp, and M" | . | = | . |.
0 0

pnan+1

1
0
By induction on h, we will show that for all 4 such that ¢ < min(h,n + 1), the ith entry of M" l] is
0
pi_l( h ), and that the rest are 0:

i—1
For h =1,
1 1 Po(é)
0 P p1 }
MM =0 = 5 )
0 0 O
Let it hold for h. Then for h 4+ 1 we have,
r 1 1 [ ! h 1 [ hl 1 i
(") Phﬂ’(l) . »( g 1)
pz(g) p2(1)+p2(2') pz( B )
1 .
0 . : :
h+1 _ : _ : - :
. H T iy | TG G T )
0 Oh ph+1(:> ph+1g:¢})
L o
L 0 J L 0 J

Since (}{) =h,
h
p<1> mod p"*t! =0 <= hmod p" =0,

1

0
where p('f) is the second entry of M" l . By Lemma ?7?, the rest of the entries (after the first entry) will

0
be equal to 0 mod p™*! if h mod p™ = 0 as well.




n
b a1

2
So o must be of the form | (p"h) mod p"*!, : , where h,a1,...,an+1 € Zy. Note that
p"a.n+1
p"a1 p"b p" (a1+b1)
p"az p" b2 p" (az+b2)
(p™h1) mod p™tt, . (p™hg) mod p™tt, . = | (»"(h1 + ho)) mod p"*!,
P i1 P bt P (@nt1+bns1)

thus there exists an isomorphism

n+2
01 Z(Gpn) = [ Zo
i=1

(the direct product of n + 2 copies of Z,), defined by
p"ay
n n+1 plaz
(p h) mOdp ) . '_)(h7a‘17a27"'7an+1)-
Pna'n+1
Since the minimal generating set of H?If Z,, has exactly n + 2 elements, so does that of Z(G, ). As the

minimal generating set of Gy, ,, has 2 elements, and the minimal generating set of Z(G), ;) has n+2 elements,

G, is a C-group.

This brings us to our main theorem

Theorem 2 For all m,n € N such that m > 2 and n > m, there exists a finite group G such that the
minimal generating set of G has exactly m elements, and the minimal generating set of Z(G) has exactly n

elements.

Proof The group Gp n—m X H:’!ﬁ Z,, for a prime p > 2, is an example of such a group. ]
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